Higher dimensional theories which address some of the problematic issues of the Standard Model(SM) naturally involve some form of D = 4 + n-dimensional Lorentz invariance violation (LIV). In such models the fundamental physics which leads to, e.g., field localization, orbifolding, the existence of brane terms and the compactification process all can introduce LIV in the higher dimensional theory while still preserving 4-d Lorentz invariance. In this paper, attempting to capture some of this physics, we extend our previous analysis of LIV in 5-d UED-type models to those with 5-d warped extra dimensions. To be specific, we employ the 5-d analog of the SM Extension of Kostelecky et al. which incorporates a complete set of operators arising from spontaneous LIV. We show that while the response of the bulk scalar, fermion and gauge fields to the addition of LIV operators in warped models is qualitatively similar to what happens in the flat 5-d UED case, the gravity sector of these models reacts very differently than in flat space. Specifically, we show that LIV in this warped case leads to a non-zero bulk mass for the 5-d graviton and so the would-be zero mode, which we identify as the usual 4-d graviton, must necessarily become massive. The origin of this mass term is the simultaneous existence of the constant non-zero AdS 5 curvature and the loss of general co-ordinate invariance via LIV in the 5-d theory. Thus warped 5-d models with LIV in the gravity sector are not phenomenologically viable.
Introduction
The possibility of 4-d Lorentz invariance violation (LIV) due to new high scale physics has become a common topic for discussion in recent years [1] specifically within the context of theories of quantum gravity. In such theories it is possible for LIV to manifest itself in many ways, e.g., (i) particles of various spins and flavors may have different dispersion relations correlating their mass, energy and momentum [2] or (ii) the general Poincare algebra itself may be deformed as in Doubly Special Relativity [3] such that the Planck mass is left as an invariant quantity. One way of generating LIV is through the vacuum expectation value (vev) of a tensor, usually a 4-vector, which points in a specific direction in a preferred reference frame, i.e., via spontaneous symmetry breaking [4] . If one imagines that maintaining rotational invariance is more sacrosanct than is boost invariance then the vev may take the time-like form ∼ (v, 0, 0, 0) in such a frame. Within this context and assuming only the field content of the Standard Model (SM), the SM Extension (SME) of Kostelecky and coworkers [5] provides us with a relatively short list for the complete set of lowest-dimension, gauge invariant LIV operators in 4-d which may also be CPT violating. The SME can thus provide an almost model-independent framework in which to examine the possibility of LIV within this specific context. Of course, LIV in 4-d has yet to be observed and rather stringent constraints already exist on its possible nature and, hence, the 4-d SME parameters.
Over the past dozen years, models with extra spatial dimensions [6] with effective compactification radii near the TeV scale have become a popular and reasonably successful way to address some of the outstanding issues of the SM such as the gauge hierarchy and flavor problems [6] . From the D = 4 + n-dimensional perspective, though the set of actions employed in the construction of such models generally appear to be D-dimensionally Poincare invariant, we know, due to the fact that the extra dimensions are compactified and are likely orbifolded, that this symmetry must be broken at high scales. These compact extra n-dimensions are of a finite extent and thus do not behave as do the conventional dimensions of 'infinite' extent of 4-d and must be in some ways 'special'. While the physics of the compactification process is not directly addressed in these bottom-up model constructs, it is clear that any boosts which mix the 4-d co-ordinates with those of the n compactified dimensions will correspond to broken generators and thus be LIV from the general D-dimensional point of view. Furthermore, it it quite common in such theories to have fields which are localized at various points in the compactified manifold or that have special, localized interactions, such as 'brane terms', which contribute to the total action. While such theories may be manifestly 4-d Lorentz invariant by construction, in the full D-dimensions LIV is certainly present.
Recently we have considered the possibility of explicit LIV in the case of 5-d with one extra 'flat' dimension within the context of Universal Extra Dimensions(UED) [7] by employing a 5-d generalization of the SME [8] . Out of all of the potential LIV operators in the 5-d SME, only the presence of LIV kinetic terms were found to be 'allowed', after employing field redefinitions, if we required that Lorentz invariance in 4-d remain intact. In that analysis, we found that the addition of such kinetic terms to the action for scalar, fermion and gauge fields can lead to a number of interesting phenomena: (i) the mass spectra of the KK fields for particles of different spins and chiralities can be rescaled by independent overall factors. In a way, this can be viewed as the various fields 'seeing' different values for the (constant) 55-component of the metric tensor. (ii) Since the Kaluza-Klein(KK) excitations of LH-and RH-fermions within the SM need no longer be degenerate this can lead to loop-induced parity violating operators, such as anapole moments, in sectors of the theory which were previously found to be parity conserving; (iii) The Z 2 KK-parity symmetry of UED can now be violated rendering, e.g., the LKP unstable through the presence of LIV and CPT-violating terms. This also leads to mixing among the various KK levels of a given SM particle making the excitation spectrum more complex.
In this paper we will extend our previous analysis to the case of LIV in warped extra dimensions, i.e., to the 5-d Randall-Sundrum (RS) Model [9] with the SM fields living in the bulk as can be realized on an effectively S 1 /Z 2 -orbifolded interval [10] without brane tensions. This later assumption will play no role in our examination of the consequences for scalar, fermion or gauge fields but will simplify our analysis for the case of gravitons. In this more general case with a warped metric, LIV actually corresponds to a specialized form of the loss of general co-ordinate invariance which is expected to hold in General Relativity. This leads to important implications in the gravity sector that we will see below.
Note that since we will be following the SME approach below as in our previous analysis, if the UV breaking of LIV is spontaneous, we can imagine that it can be described by a 5-vector which takes on a vev of the form u A ∼ (0, 0, 0, 0, 1) in the preferred 5-d frame in which our calculations are performed as was done in our earlier work. This special form is chosen to leave our ordinary 4-d space Lorentz invariant. As we will see below, the effects of LIV on the SM scalar, fermion and gauge fields living in the bulk of the RS model will be qualitatively similar to that found earlier in the case of UED and thus leads to similar new phenomenological effects as discussed above. However, the corresponding effects of LIV in the gravity sector are found to much more drastic since general co-ordinate invariance only remains in our 4-d subspace and will be quite different than that found for the flat 5-d scenario. In particular, we find that the 5-d graviton field now acquires a non-zero bulk mass in the AdS 5 background which is proportional to the RS curvature parameter, k. This in turn prevents the existence of a massless KK zero-mode that we would conventionally identify as the 4-d graviton. From this result we can conclude the the combination of LIV in the gravity sector of a higher dimensional theory living in a space of non-zero curvature cannot yield a phenomenologically viable model.
LIV With SM Fields in the RS Bulk
In our previous analysis of 5-d LIV in UED based on the SME approach, we found that the gauge invariant and CPT-conserving operators of lowest dimension took the form of modifications to the kinetic terms of the scalar, fermion and gauge fields of the SM. These same operators will now be of immediate relevance in the corresponding warped scenario. In the analysis below, we will follow the setup of the RS model, constructed on an interval, as is done, e.g., in Higgsless models of electroweak symmetry breaking [10] . To set notation we remind ourselves that the metric on this space is given by
which will be defined on the interval 0 ≤ y ≤ πr c where r c is the corresponding compactification radius. Here η µν = diag(1, −1, −1, −1) is the usual Minkowski metric and k < ∼ M describes the curvature of the space, with M being the 5-d Planck scale such that 4-d (reduced) Planck scale is given by M 2 P l = M 3 /k. Note that in the original RS model the SM fields were localized to the y = πr c orbifold fixed point, i.e., the TeV brane, whereas here we are considering only bulk SM fields.
We proceed by direct analogy to our earlier flat space analysis. For simplicity we first examine the case of a free scalar field and then follow essentially the same approach for fermions and gauge bosons so that the details can be omitted. The scalar action including the contribution of the LIV kinetic term is found to be given by
where we have allowed for a standard bulk mass, µ, and the dimensionless parameter k Φ sets the ∼ O (1) coupling strength for the LIV kinetic term for the scalar. Note that apart from a rescaling the field Φ, in the presence of the LIV term, sees an effective g 55 = 1 + k Φ . We thus suspect that k Φ > −1 will be necessary to prevent Φ from becoming tachyonic and we will see this is indeed a correct expectation explicitly below. Performing the Kaluza-Klein(KK) decomposition as usual
then integrating by-parts and orthonormalizing the fields such that
we obtain from the above action the following equation of motion for the 5-d wavefunctions χ n (y) of the KK scalars:
where the m n are the KK masses of the scalar tower states. Imposing Neumann-like boundary conditions, ∂ y χ n (y) = 0 at y = 0, πr c , so that one obtains the conventional RS result in the limit k Φ → 0, we see that this is just the equation for a 5-d scalar [11] with a bulk mass m 2 = µ 2 /(1 + k Φ ) and with the eigenvalues corresponding to the massesm
The corresponding eigenfunctions are then given by the well-known expressions
with J ν , Y ν being the familiar Bessel functions of order ν which now explicitly depends on the value of the parameter k Φ as,
and with N n being a normalization factor. We note that for practical calculations the b nν can be set to zero as is usual as can be seen by evaluating them directly from the boundary condition ∂ y χ n (y) = 0 at y = 0. The KK masses for the scalars are then given by the y = πr c boundary condition and can be expressed as m n = kǫx n √ 1 + k Φ where ǫ = e −πkrc is the usual warp factor and where the x n are the roots of the familiar equation
Here a prime denotes differentiation with respect to the co-ordinate y. Note that, as in the earlier discussed flat UED case, we must require that k Φ > −1 to prevent tachyonic solutions as expected above.
One very important feature of the above equation of motion for the scalar KK excitations that we should remember for the gravity analysis below is that a non-zero value for the parameter µ, no matter how small, prevents the existence of a massless zero mode being present in the spectrum [11] . For µ ∼ k the lightest state is found to have a ∼ TeV mass. 1 shows the first three KK scalar tower masses as a function of the LIV parameter k Φ assuming µ/k = 0, 1 or 2. Note that the general KK spectrum is now somewhat different than is usual for bulk scalars; for large k Φ the KK masses grow ∼ √ 1 + k Φ which is essentially the same behavior as was found earlier in the flat UED scalar case. Thus as expected, although we are now dealing with scalar fields in a warped background the qualitative features found for scalars with LIV in flat UED model remain valid.
Next we turn to the case of bulk gauge fields also allowing for a general non-zero bulk mass term; the action including the LIV kinetic term is found to be given by
Here we again see that the LIV leads to a gauge field which effectively 'sees' g 55 = 1 + k V which may be different than the effective metric seen by the scalar fields with LIV terms above. Following the same path as we did for scalars and taking A 5 = 0 we can easily obtain the equation of motion for the gauge field KK wavefunctions, f n , as
with the solutions
where the c nν are determined by the boundary conditions as before and the KK masses are given bym
which explicitly depends upon the LIV parameter k V . Defining the combination Z ν = J ν + c nν Y ν , the gauge boson KK masses are given by m n = kǫx n √ 1 + k V with the x n now being the roots of the eigenvalue equation
Here we again see that we must have k V > −1 in order to prevent the occurrence of tachyonic KK states; examples of explicit KK masses and their dependencies on the LIV parameter k V can be found in Fig. 2 . Here we see the same qualitative behavior of the masses as is found for the scalar KK case above. The overall general behavior is again observed to be qualitatively similar to that found in the case of the flat UED scenario as we see in Fig. 2 .
The above analyses for the scalar and vector fields can be immediately extended to the case of bulk fermions which are now described by the action with k Ψ being the fermionic LIV parameter and V a n being the appropriate vielbein. Note that in the presence of LIV, Ψ effectively feels g 55 = 1 + k Ψ . Following the by now standard procedure leads to the (almost) familiar coupled pair of first order equations of motion for the KK eigenfunction g L,R n for the LH-and RH-tower modes:
As before k Ψ > −1 is required to prevent any tachyonic solutions and the eigenfunctions are given by
Note that this is a linear rescaling of the order of the Bessel functions by the LIV term unlike the quadratic dependence which was found for both the bulk scalar and gauge boson cases above. The fermion KK masses are now given by m n = kǫx n (1+k Ψ ) (again note the linear dependence instead of the square root here) with the x n being the familiar Bessel function roots. An example of the k Ψ dependence of the lowest fermion KK mass for different values of the bulk mass m Ψ /k is shown in Fig. 3 . Note that unlike the scalar and gauge boson cases above the k Ψ dependence of the KK mass for fermions is nearly linear as was also found in the UED analysis for a flat 5-d space.
From the results above it is clear that the scalar, vector and fermion fields which experience LIV in RS-type setups respond to this LIV in a qualitatively similar manner as do the corresponding fields in 5-d flat space UED. Thus all of the new physics phenomenology that was found in that case which results from the presence of LIV as discussed above will also be found in the case of warped extra dimensions though it will differ in numerical detail.
RS Gravity with LIV
We now turn to the more interesting effects of LIV on the graviton KK spectrum and wave functions in this scenario. The existence of LIV in the gravity sector requires us to revisit the setup of the RS model on an interval whose original action took the conventional EinsteinHilbert form:
where Λ is a 5-d cosmological constant. The reason we need to do this is that, amongst other things, the presence of the LIV terms in the action will lead to modifications of the relationships between the various RS model parameters that we will need to incorporate into the equations of motion for the graviton field. Following Kostelecky [5] (or Carroll and Tam [12] for the corresponding flat 5-d case) the simplest possible LIV extended version of the RS action takes the form
with λ a dimensionless constant, presumably of order unity, giving the strength of the LIV interaction and where in our preferred frame s
, where u A = (0, 0, 0, 0, 1) is the 5-vector discussed above. Here R AB is the usual symmetric Ricci tensor. Note that, in principle, an additional term involving the full Riemann curvature tensor, i.e., proportional to product ∼ u A u b u c u d R ABCD , can also be included in the action. However, for our purposes the basic new physics associated with this LIV scenario that we wish to examine here can be captured by the simplest case so we will not consider the effect of this additional term here except for a few comments below. The equations of motion following from this action are found to take the form [5, 12] of modified Einstein Equations:
where the stress-energy tensor, T AB = −Λg AB , is as in the usual RS model and F AB , which arises from the new LIV term in the action, is given by the expression The analysis to obtain the corresponding equation of motion for the KK graviton field from the expression above was performed in detail for the case of a flat 5-d background by Carroll and Tam[12] ; these authors found the graviton equation of motion
so that the KK masses are given simply by m 2 n = n 2 R 2 (1 + λ) and the wavefunctions take their usual trigonometric forms. An important thing to notice about their result is that a non-zero value for λ does not lead to the generation of a bulk mass term in the equation of motion for h µν . This flat space result seems to be completely analogous to the those we obtained in the flat UED case for massless 5-d scalars, fermions and gauge fields and is what we would perhaps naively imagine the corresponding result to be for gravitons. We will now see the graviton result found in the warped case is qualitatively quite different from that which is obtained in flat 5-d space unlike for the SM fields.
The G 55 equation of motion is essentially non-dynamical in the present case and is most easily solved; we explicitly obtain
or more precisely Λ = −6k
where the usual RS result is obtained in the λ → 0 limit. It is interesting to note from this expression that if λ becomes large and negative the space undergoes a topological change, AdS 5 → dS 5 , which would be inconsistent since Λ is assumed to be negative. Thus in order to maintain the essential physics associated with the AdS 5 space of the RS model we must require that λ > −3. We now use this new (i.e., correct) background which satisfies the G 55 equation of motion above as input and examine the fluctuations around the corresponding metric. To this end, inserting the above expression for Λ back into the Einstein Equations for the G µν components yields the corresponding equation of motion for h µν . We note that once the G 55 equation of motion above is satisfied (and we use this as an input) the 'static' part of the G µν equations of motion on the interval are automatically satisfied since there are no brane tensions to tune in this case. After some lengthy algebra we obtain:
where we have suppressed the indices on h µν for clarity. Inserting the usual KK decomposition
and
µν as usual, we find that the graviton KK wavefunctions must satisfy − ∂ y e −4ky ∂ y χ n + m 2 e −4ky χ n =m n 2 e −2ky χ n ,
as we might have expected. If m 2 were zero, this result would correspond to our naive expectations based on the case of flat 5-d. However, here we observe something new: the non-zero AdS 5 curvature, k, combined with non-zero LIV, i.e., λ = 0, leads to a bulk mass term for the graviton which is given by
and thus in order to avoid tachyonic KK gravitons we must now require the stronger constraint λ > −1/3 which can be obtained by requiring the index ν in the graviton wavefunctions to be real. From the form of the bulk mass term we observe that in the limit that the space becomes flat, k → 0, we immediately recover the result obtained earlier by Carroll and Tam[12] in flat 5-d space. Clearly the value of the bulk graviton mass that we find when LIV is present depends critically upon the nature of the background metric.
As we noted above in the discussion of bulk scalar fields with LIV (which has an equation of motion of the same general form), the presence of a bulk mass term in the graviton equation of motion prevents the existence of a massless KK zero-mode which we would like to identify with the ordinary massless graviton in 4-d. Here we find that the lightest KK mode is massive due to the breakdown of general co-ordinate invariance in the 5-d theory that expresses itself here as LIV. Fig. 4 explicitly shows the masses of the three lightest graviton KK excitations in this scenario as a function of the parameter λ > 0. Here we explicitly see that the lightest KK for λ = 0 is naturally of order the TeV mass scale and that the zero-mode is absent. From this analysis we can conclude that LIV in the gravity sector of warped 5-d models leads to a theory which is not phenomenologically viable due the generation of a bulk mass term for the 5-d graviton whose existence prevents there being a massless graviton in the spectrum. More generally, it would be interesting to know what kind of mass terms for gravitons, if any, are generated in other background metrics. It is interesting to speculate that the fact that the metric of our ordinary 4-d space depends on the 5th dimension co-ordinate y, i.e., the RS metric being non-factorizable while 4-d co-ordinate invariance remains unbroken, may be the source of this bulk mass generation effect but this is yet to be demonstrated. A general examination of this question would clearly be very interesting but is beyond the scope of the present work.
Lastly, one can ask what the effect may be of adding the ∼ τ u A u b u c u d R ABCD term mentioned above where τ is a constant coefficient. If this term alone is added we would expect that we would recover an effect similar to that found above although this analysis has not been performed. Certainly we would also want to know if the coefficient, τ , could be consistently chosen to maintain the AdS 5 structure of the RS model while avoiding tachyonic graviton solutions but this is also likely. Having both terms present one could further ask if the RS solution could be maintained while simultaneously avoiding the generation of a bulk mass term for the graviton. While we have not performed this analysis it is likely that, at best, we may speculate that a fine-tune solution might exist where the values of λ and τ could be appropriately chosen to avoid such a graviton bulk mass term. While interesting to contemplate such an analysis is beyond the scope of the present paper.
Summary and Conclusions
In this paper, extending our earlier work on LIV in UED-type models, we have analyzed the effect of LIV kinetic terms on the scalar, gauge, fermion and graviton fields in the 5-d RS model. We found that while the fields of spin-0,1 and 1/2 responded to LIV in a manner which is qualitatively very similar to that found in the flat 5-d case, something entirely new happens in the spin-2 graviton sector. For gravitons, LIV in the curved AdS 5 background, unlike in the flat space case, leads to the generation of a bulk mass term. The presence of such a term in the KK equations of motion prevents the existence of a massless zero-mode corresponding to the 4-d graviton, the lightest field now having a mass in the ∼ TeV range. Without a massless graviton such a theory cannot be phenomenologically viable. The origin of this bulk mass term is directly caused by the loss of general co-ordinate invariance as expressed through spontaneous LIV, the non-factorizable nature of the RS metric and also the non-zero curvature of this background metric about which we are expanding the graviton fields. Certainly more detailed analyses of these various possibilities would be both useful and interesting to consider.
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Appendix
One might worry that the substitution of the Eq.(1) into the action Eq.(18) does not yield a zero 4 − d cosmological constant as in the usual RS model when the integration over y is performed. It is perhaps simplest to address this issue by returning to the usual orbifold boundary condition approach to outline the steps that will demonstrate that suitable adjustments can be made to the traditional RS solution to obtain this desired result. First, let us re-write the metric as ds
with A = k|y|. The action now takes the form
where Λ T (P ) are now the tensions on the TeV and Planck branes, respectively. Given the form of the metric we might expect that Λ T = −Λ P as in the RS case. Here, a prime denotes differentiation with respect to the coordinate y. Furthermore, let us recall that A ′′ = 2k[δ(y) − δ(y − πr c )]. Since the solution to the bulk vacuum equations of motion are unaffected by switching to the orbifold approach (the differences being only at the brane boundaries) we employ from the solution obtained above that Λ = −6k 2 M 3 (1 + λ/3), which is already linearly shifted from the RS value, explicitly in what follows. Substituting all of these results into the above action one obtains
(30) Integrating the purely bulk term over y then gives a contribution to the 4 − d cosmological constant of 2kM 3 (1−λ)(ǫ 4 −1) where ǫ = e −πkrc . Note that if we also tune the brane tensions by linear shifts in λ as Λ T = −Λ P = −(6 − 2λ)kM 3 then, before the 4 − d integration, the brane contribution to the 4 − d cosmological constant is found to reduce to dy e −4A 2kM 3 (1 − λ) δ(y) − δ(y − πr c ) = 2kM
so that the previously obtained bulk contribution is canceled upon integration and we obtain a zero 4 − d cosmological constant. This result indicates that by adjusting the tensions on the TeV and Planck branes, as well as the 5 − d bulk cosmological constant as functions of k, M and λ a solution can be obtained with a zero 4 − d cosmological constant even when λ = 0. Note that in this approach when the equation of motion for the h µν field is obtained we must apply the usual orbifold boundary conditions at y = 0, πr c .
Although we have not demonstrated that an identical cancellation occurs in the interval approach that we've taken above (by the addition of a Gibbons-Hawking surface term) we expect that that this result will also remain valid in that case.
